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Thermal convection in a fluid contained between two rigid walls with different mean
temperatures is considered when either spatially periodic temperatures are prescribed
at the walls or surface corrugations exist. The amplitudes of the spatial non-
uniformities are assumed to be small, and the wavelength is set equal to the critical
wavelength for the onset of Rayleigh-Bénard convection. For values of the mean
Rayleigh number below the classical critical value, the mean Nusselt number and the
mean flow are found as functions of Rayleigh number, Prandtl number, and modulation
amplitude. For values of the Rayleigh number close to the classical critical value, the
effects of the non-uniformities are greatly amplified, and the amplitude of convection
is then governed by a eubic equation. This equation yields three supercritical states,
but only the state linked to a subcritical state is found to be stable.

1. Introduction

In recent years, considerable interest has been shown in examining how the results
of classical stability problems concerning steady flows contained between perfectly
smooth boundaries are affected by temporal or spatial variations of the base state or
boundaries. The recent review article by Davis (1976) gives information concerning
the case when the variations are periodic in time. Not as much work has been done
for the case when the variations are periodic in space, although the results would
bear upon the importance of ignoring imperfections (e.g. roughness effects) when
applying classical stability results to real situations, both in the laboratory and
elsewhere.

The present analysis is aimed at examining the effects of spatially periodic boundary
conditions upon the Rayleigh-Bénard stability problem (namely, an unstably strat-
ified, Boussinesq fluid contained between two smooth, horizontal walls of infinite
extent with constant but unequal temperatures). Two types of variation in the
boundary conditions are considered, namely, (i) bounding surfaces which are plane but
have temperatures which vary periodically (about different mean values) with distance
along the surfaces, and (ii) surfaces which have constant but unequal temperatures and
are wavy, so that the gap size varies periodically in a direction parallel to the mean
surface levels.

Both cases are pertinent to stating how smooth conditions at a boundary must be
in order that surface variations can be ignored in studies of thermal convection. The
first case might also be relevant to estimating the extent to which well-defined initial
disturbances (such as imposed by Chen & Whitehead 1968) affect stability boundaries,
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etc., although our forcing is steady in time. The second case has some practical value
in that one might want to make the boundary wavy if the mean Nusselt number
could be increased (such a consideration seems to have motivated Watson & Poots
(1971) in their study of how wavy boundaries affect laminar free convection flow
between vertical walls).

In both cases, the amplitude of the variation (§) is assumed to be small (in a sense
to be defined more exactly later), and an expansion is made in terms of §. The wave-
number (k) of the periodic variation is assumed to be close to or equal to the critical
wavenumber (k, = 3-117) characteristic of classical Rayleigh-Bénard convection, and
so we refer to the present problem as involving resonant wavelength excitation.
Results for the situation when the wavenumber of the boundary modulation is
significantly different from k, will be reported elsewhere (Pal & Kelly 1978).

When no variations occur along the boundaries, convection is possible only when
the Rayleigh number (Ra) is greater than the classical critical value (Ra, = 1707-8
for two rigid surfaces). When such variations do oceur, convection occurs even though
the Rayleigh number based on the mean values is less than Ra,, and so the mean
Nusselt number can vary with Ra. A mean flow can also be generated when a difference
in phaseis allowed between the variations occurring at the upper and lower boundaries,
even though the forcing is stationary. That such a phenomenon is possible was sug-
gested originally by Busse and Whitehead (see Busse 1972; Young, Schubert &
Torrance 1972) during their studies of how moving thermal waves in an otherwise
homogeneous fluid induce mean flows. We have calculated both mean Nusselt numbers
and mean flow variations as functions of both Rayleigh and Prandtl numbers.

We have used the subscript ¢ in the above to denote the values of the critical
Rayleigh number and wavenumber for the classical problem with uniform heating.
Strictly speaking, there is no critical Rayleigh number for the present problem in the
usual sense because convection occurs for all values of Ra, and it should be borne in
mind that the subscript ¢ refers only to the numerical values associated with the
classical problem. For Ra < Ra,, however, the convection has an amplitude only of
0O(8), and we shall refer to this regime as being that of ‘quasi-conduction’. As Ea
approaches Ra,, the amplitude of convection increases greatly, however, and so it is
still meaningful in a physical sense to define the ‘critical’ regime as being when
Ra ~ Ra,.

One might expect that a solution based on expanding in terms of ¢ would become
singular as Ra-> Ra, when k = k,. This was confirmed in a preliminary report of our
research (Kelly & Pal 1976) where it was shown by means of an eigenfunction

expansion that ¢ ~ 0Ra,/(Ra,— Ra). (L.1)

A singularity was also noticed by Watson & Poots (1971) in their study of convection
in a vertical slot as the Grashof number approaches the usual critical value (they also
expanded in terms of 8). A singularity also exists in Busse’s (1972) exact solution of
the flow induced by internal heating in the form of a wave travelling between stress-
free surfaces when one sets the frequency to zero, k = k,, and Ra = Ra,.

We demonstrated previously that when Ra ~ Ra, nonlinear effects must be con-
sidered and that the scaling for the amplitude (¢) of convection can be determined
from a model equation of the form

€3 = ¢{(Ra — Ra,)/Ra,Cp} + 6C;, (1.2)
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where C, and C, are numerical constants (say, real and positive). For the quasi-
conduction case when Ra € Ra, and § < 1, the linear terms in (1.2) give the same
result as (1.1). For 8 = 0 and Ra slightly greater than Ra,, (1.2) yields the well-known
supercritical amplitude relation (Malkus & Veronis 1958)

€ = +{(Ra— Ra,)/Ra, Cy}t. (1.3)

Hence (1.2) yields the two limiting cases. For Ra = Ra,, it is clear from (1.2) that
€ ~ O(6%) rather than zero as (1.3) states (or infinity, as (1.1) states). Relative to the
quasi-conduction case when € ~ O(d), we can say that the convection is now con-
siderably enhanced. Taking € ~ O(8%) as a standard for the critical regime, we note
that each of the termsin (1.2) is of equal magnitude when

(Ra — Ra,)/Ra, ~ O(8%), (1.4)

which allows the critical regime to be defined more exactly. Of course, variation of the
wavenumber away from the critical value will also affect the resonance phenomenon.
An estimate of how close the wavenumber must be to the critical value is obtained by
noting that the neutral curve for Rayleigh-Bénard convection behaves near Ra, as

(1.5)

k—k, ~ i(R——“_R%)é,

Ra,

so that, by use of (1.4), we can say that resonance will occur within a neighbourhood

of k, defined by
k—k, ~ O(%). (1.6)

For the most part, we shall assume &k = k,. However, in order to show the effects of
wavenumber variation, we shall occasionally give the results of a more general analysis
of the case when k =+ k, but (1.6) holds. The details will be omitted, however, for the
sake of brevity.

Our previous (1976) investigation gave a detailed analysis of the critical regime
only for the case of stress-free surfaces, an infinite Prandt! number fluid, and a non-
uniform boundary condition consisting of a single thermal wave imposed at the lower
surface. Also, the nature of the solutions to the cubic equation (1.2) was not explored.
The present report gives a much more complete analysis of this regime, including the
effects of rigid boundaries, finite Prandtl number, and the phase angle between simul-
taneous forcing at the lower and upper boundaries. While this paper was being
written, we received a preprint of the paper by Tavantzis, Reiss & Matkowsky (1978),
in which their theory of singular perturbations (see Matkowsky & Reiss 1977) was
used to obtain results in a more systematic manner for the general problem discussed
here (they consider the case of a bounded layer with stress-free boundaries and a
rather arbitrary variable temperature imposed on one boundary). Also, after this
paper was originally submitted for publication, we were made aware of work by
Daniels (1978) and Hall & Walton (1978) for the case of a bounded fluid layer with
stress-free, constant temperature horizontal boundaries but with non-adiabatic end
walls. Because this end-wall boundary condition can be viewed as being another kind
of boundary imperfection, their results have qualitatively much in common with
those reported by us and by Tavantzis et al. .
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2. Quasi-conduction regime
For Ra sufficiently below Ra, so that (1.5) holds, we expect the amplitude of con-
vection to be proportional to ¢ for § € 1. An analysis based on this premise is given in

this section.

We measure distance in the horizontal and vertical directions by the variables «
and z (0 € z < 1), respectively, which have been made non-dimensional on the basis
of the average gap height H. If the mean temperature of the upper surface is 7, and
that of the lower surface is 7}, then the mean characteristic temperature difference is
AT = T,— T,. We choose to scale the temperature on the basis of AT as

T(x,z) = ATO(x, 2). (2.1)

This means that we shall examine the effects of boundary modulation at a fixed value
of AT and that & represents the magnitude of such variation relative to AT. This
scaling is motivated by our basic interest in the effects of the boundary variations for
the critical regime. The case with AT = 0 is discussed in the appendix.

We consider only two-dimensional convection because, for Ra < Ra,, the con-
vection is due only to the forcing at the boundaries, which is assumed to be periodic
in the z direction. We therefore introduce a stream function y¥(z,z) which we scale
on the basis of the thermal diffusivity (x) and & as

Yx,2) = «¥(x,2) = k6¥(x, 2). (2.2)

For a boundary variation with a wavenumber £, it is convenient to use a new horizontal
variable

Z = ka. (2.3)
We also detine a temperature relative to the conduction state (6§ = 0) by

O(&,2) = (T,/AT)— 2+ 6O(%, 2). (2.4)

For a Boussinesq fluid, the governing equations for ¥ and ® are then

20,00 ¥ 9¥ 00 a¥ 90
‘az—z+’“59z—z"’“7x~‘—’“"(a—z‘a§'%z)’ (2.5)
and
v v o 00 kS (0¥ ¢ oW o\ [T oo
—_— R —_ - = — = i 2
ox T gt g —kRa 5 Pr(’dz 0% oF 82)(822+k 3922)’ (2.:6)

where Ra is a Rayleigh number based on AT and H, and Pr is the Prandtl number.
The boundary conditions for each of the cases discussed in the introduction are as
follows: (i) spatially periodic surface temperatures prescribed at plane rigid boundaries,

O(#,0) = (T}/AT)sin& = Lsin#, (2.7a)
O(%,1) = (T, /AT)sin (Z + f) = Usin (+ ), (2.7b)
i{—F=a—‘{—jl=0 at z2=10,1, (2.7¢)
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(ii) constant temperature wavy rigid boundaries,

) = (T,/AT) at z=¢ =dLsing, (2.8a)
= (T,/AT) at z={, =1+8Usin(Z+p), (2.8b)
88_‘;' = %‘g = at z=§@ and &/ &) (2.8¢)

In the above, £ is a phase angle, and L and U are numerical constants to be prescribed
later.

We now expand as
O(F,2) = O4(&,2) + 00,(%,2)+ ..., (2.9q)
and

W(E,2) = Vy(&,2) + O 4(&,2) + ..., (2.95)

where the equations for @, and ¥, are given by (2.5) and (2.6) with the right-hand
sides set equal to zero. For case (i), the boundary conditions for ®, and ¥, are given
by (2.7a—c). For case (ii), the conditions on ®; and ¥, can be obtained from (2.8a—c)
by expanding ® and ¥ about z = 0 and 1 in terms of 8 and then using (2.9a, b), as

©,(%,0) = LsinZ, 0,(&,1) = U sin(Z+p), (2.10a)
8‘P’ _ ot

Hence the boundary conditions are the same as in case (i) to order ().
We now redefine (E)] 50 as to obtain homogeneous boundary conditions; let

0,(&,2) = {0y(2) + L(1 —2)}sin & + {0,,(z) + Uz} sin (£ + B3), (2.11a)
and
¥, (Z,2) = §y(z) cos & + @y, (2) cos (E+ B). (2.11b)

With this notation, the subscript 7 denotes an effect associated with a variable lower-
wall condition, whereas the subscript u denotes an effect caused by the upper wall.
The boundary conditions for both cases are then

0y=0,=0 at 2=0,1, (2.12a)
b,=0,,=0 at z=0,1, (2.12b)
do, do,, _
y el at z=0,1. (2.12¢)
The following inhomogeneous equations are obtained:
d*y ., )
120y, + kDy = k2L(1 ~2), (2.13a)
4
ddi 2k2d (D”+k4(D1,—kRa0u = kRaL(1-2), (2.13b)
d*,, ., 5
-d_é“-k 01u+k®1u=k Uz, (214@)
d d‘flu ore & D1 d®1"+k4d>l,, kRaf,, = kRaUz. (2.14b)
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Fiaure 1. Streamlines of O(8) convection cells for Ra = 300,k = k, = 2-221 (stress-free
boundaries); (a) 8 = 0°, (b) f = 90°, (¢) § = 180°.

At this point, an eigenfunction expansion was used by Kelly & Pal (1976) in order
to clarify the situation as Ra—> Ra, The emphasis here is on calculating the O(d)
solution so as to be able then to calculate O(4%) mean quantities, and so the equations
have been solved numerically. This has been done for k = £, the critical wavenumber
for Rayleigh-Bénard convection. The streamlines show an interesting dependence
upon the phase angle 3, as shownin figures 1 (@)—(c) for £ = 0°,90°and 180°, respectively,
and L = U = 1. Although these streamlines are actually for the stress-free boundary
case, they are also representative of the rigid surface case. For § = 0°, closed cells
appear with vertically oriented updrafts and downdrafts centred about the points of
maximum and minimum wall temperatures, respectively. For § = 90°, a pronounced
tilt occurs in the cells. This tilt leads to a non-zero Reynolds stress and so to the
occurrence of a mean flow at O(8?). For # = 180°, it seems that a single cell cannot
accommodate the boundary conditions, and a two-tier structure appears with two
counter-rotating cells stacked on top of each other. For § = 270° the streamlines
would be similar to figure 1 (b), except that the tilt would be in the opposite direction.

At O(4?), the effects of the variable boundary conditions upon mean quantities,
such as heat transfer, are determined. The mean temperature distortion is given by
the solution of

“8 1 (0,75, 2150
where an overbar denotes an average over a wavelength. Upon substitution from
(2.11a) and (2.115), we get
&0,
dz?

= b (@B L(1 =)} + P16y, + U2)
+ cos f{Dy(0,,, + Uz) + ®, (0, + L(1 —2))}]. (2.15b)
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We note that the case # = {7 is special in that ©, is then generated by the sum of
terms forced by the lower wall plus terms forced by the upper wall (i.e. no interaction
terms occur and only ‘mean field’ type terms remain).

The mean flow V', is determined by

¥, & d (3F,0F,
dA T PR (3; 'az—)’ (2.16a)
or, after substituting from (2.115),
@, ksinpd® (. db id,,
dz"'2 - 2Prﬂd—z2{ “‘d_zu_ Py dz1 } (2.160)

The inhomogeneous quantity in (2.16b) is zero either if # = 0 or 180° or if L or U
is zero (i.e. if one surface is isothermal). For all of these cases, the O(8) convection
cells have no tilt, and we can conclude immediately that no mean flow is generated,
at least for the case of plane boundaries.

The boundary conditions for case (i) are

©2=%= at z2=0,1, (2.17a)
F,(0) = F,(1) = 0. (2.17b)

This last condition requires the volumetric flux to be zero, as would occur in a
convection apparatus with closed ends. With this condition, the mean pressure
gradient is also found to be zero.

The boundary conditions for case (ii) can be obtained by considering higher-order
terms in the expansion of (2.8a—c) about the mean levels. However, this approach
has the disadvantage that the mean velocity is then found to be non-zero at z = 0 and
1. This result is a natural consequence of the expansion procedure and occurs owing
to inhomogeneous boundary terms arising at O(42), as has been noted by Fung &
Yih (1968) in their analysis of peristaltic transport. In order to present velocity
profiles which vanish at the walls, we have introduced the transformation

£=(-8)/¢r (2.18a)
Cr=8—& (2.18D)

so that the walls are now located at £ = 0 and 1. If we now take & and £ as independent
variables, the conduction solution is given by {(7,/AT') — £} and, if we let

0,(%, £) = By(£) sin & + 0, (£) sin (F+ B), (2.19)

the equations for 8,(£) and 4,,(£) are found to be the same as the equations for ;(z)
and 6,,(z), namely (2.13a) and (2.14a). ¥,(&, §) is given by (2.115), (2.13b), (2.14b),
and the boundary conditions are ag given in (2.12a—c), all with £ substituted for z.

In the &, £ plane, closed cells similar to those shown in figures 1 (a)-(c), will occur
at O(d) but a mean current will be generated at O(62) and can be obtained by averaging
with respect to & in this plane. The mean flow is governed by the equation

d“?z_ksinﬂ d? dd,, d(Dlu} gigﬁ_ﬁ{ av, C&,}
T | Y e - a-or g o)

where

o
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We note that the inhomogeneous terms will be zero for case (ii) under the same con-
ditions on B, L and U as given already for case (i). In comparing (2.20) with (2.16b),
we note that, while ¥, in (2.165) is produced solely by nonlinear advective terms
proportional to Pr-—1, ¥, in (2.20) is also forced by terms arising from the variable
geometry which are independent of Pr. This distinction in the forcing of the mean
flows for the two cases remains true even after transforming back to the physical
Z, z plane for case (ii).
The equation for the mean temperature field in the &, £ plane is

420 kd
Eg—; 2d£[®11{0u+L (1=} + D(04, + UE)

+ 08 f{® (05, + UE) + Dpy(0y + L(1 — E))}]
L d

+ | (1=6) 5 (Bu+con 0,
U 2

‘s gg—z [g 7 Oruct cos ) ] 2.21)

which can be compared to (2.15b). The boundary conditions are

_ dl? _
‘}" = -2 = = . .
= gf =B:=0 at £=0,1 (2.22)
For case (i), the mean heat transfer to the fluid at the lower boundary is
= KdT _ KAT

1—82 +] 2.23
7=0 H [ dz z=0 ( )

where K is the thermal conductivity. The mean Nusselt number is then, to 0(82),

do
=2
Nu=1-¢ A

Q0) = “Hdz

(2.24)

2—0

For case (ii), somewhat more care must be taken in defining Nu owing to the fact that
the #, £ co-ordinates are not orthogonal. If n is a unit vector normal to the lower
boundary and pointing into the fluid, we have

Qlseg, =~ KVT 1], (2.25)

If we define f = 2 — (), then
vf —i(dg/dx)
~ IV/] {1+ (d&/dx)3E’

where i and k are unit vectors in the x and 2 directions, respectively. The local heat
transfer rate is then

(2.26)

_ K/H or . dgor
~Cles = (TG P L (2.270)
or, using & and £ as variables,
__ (KAT/H) (120 ,.dg[e0 #0d (¢
~Qls-o = T e jaami {gT A [ R (g;)“ AR
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Fiaugre 2. Mean Nusselt number at lower boundary as a function of Rayleigh number (Ra) and
phase angle () with & = k, = 3-117; (a) case (i), (b) case (ii).



442 R. E. Kelly and D. Pal

Ra=1200
Ra=1000

—160 —80 0 80 160
d¥,/d=
FIGURE 3. Mean velocity profiles at O(d2) for case (i) for Pr = 0-027,
f = im and various Rayleigh numbers.
After setting §, = dLsin &, substituting the expansion of 0, and averaging, we get
gH do,
KAT 3

- 1+82{ + U+ L2(1 + 3k%)]

=0

=0

sinf (., doy, . db,,

~ULcosf+ 5 (Ud—§+L T3 )

For case (i), the Nusselt number (2.24) approaches unity as Ra— 0 because i, then

tends to zero [cf. (2.13b), (2.14b)] and so also does @, [cf. (2.15)]. This occurs because

we have scaled the boundary variation on the basis of AT and so, as AT 0, the

conduction state is obtained. For case (ii), a Nusselt number defined by (2.28) would

not approach unity as Ra— 0 because (2.28) then gives the heat transferred by con-

duction between wavy, rather than plane, boundaries. In order to present results for
both cases in a uniform manner, we define a mean Nusselt number for case (ii) as

Nu = (QH/KAT)/(QH/KAT)gqs (2.29)

where @ is evaluated at £ = 0.

Plots of Nu, as defined by (2.24) and (2.29) to O(82), are given in figures 2(a), (b) in
terms of the quantity (Nu — 1)/42 for various values of # and Ra. The solid curves are
for L = U = 1, whereas the dashed curve is for L=1, U =0 (or vice versa).
To 0(82), the results are independent of the Prandtl number. The mean heat transfer
is strongly dependent upon Ra, even for Ra < Ra, = 1707-8. It is also strongly
dependent upon £ and for case (i) is clearly a maximum for # = 0 and a minimum
for # = . In the quasi-conduction regime, the heat transfer is proportional to the
lowest-order motion induced by the horizontal temperature variation via the baro-
clinic effect. The vorticity generated by this means is proportional to Vp x V7', where
the pressure p can be approximated at lowest order by the hydrostatic pressure.
When this vector product has the same sign over most of a vertical section, the induced

H}. (2.28)

flow will be greatest and will affect Nu most strongly. Because Vp is nearly a vector
of constant magnitude pointing downwards for a Boussinesq fluid, 87'/dx should have
the same sign over the range of z in order to maximize Nu, ie. the temperature
variations should be in phase, as the numerical results given in figure 2 (a) indicate.
For case (ii), the situation is more complicated, and the phase angle for maximum
Nuis found to be a function of Ra, as figure 2(b) indicates.

As might have been anticipated by the appearance of sin #in (2.16b), the mean flow
is a maximum for case (1) when £ = }s or 37 for fixed Ra and Pr. The profile of the
mean flow for case (i) is given in figure 3 for various values of Ra, Pr = 0-027, and
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Fi1cURE 4. Maximum mean velocity at O(4?) for case (i) as a
function of Rayleigh (Rae) and Prandtl (Pr) numbers.

—100 —50 1] 50 100 -
T —> L=1+8sin(x+ g)

T < ’

~ o~
X o= 4 sin x

F1cURrE 5. The open-ended circulatory flow at O(8?) for case (ii) for § = 0-1,
£ = 90°, Pr = 0-025 and Ra = 1000 (k, = 3-117).

f = 3m. For # = 3, the sense of circulation should be reversed. As the figure indicates,
the mean flow increases in magnitude as Ra increases. This is shown more clearly
in figure 4, where the maximum value of d¥,/dz is plotted as a function of Ra and Pr
for case (i).

For case (ii), care needs to be taken in defining a ‘mean’ flow. In the strict sense,
there is no absolutely z-independent flow, owing to the variation in height along the
channel. However, we can ask how the mean flow in the x, § plane is transformed
into an ‘open-ended’ but x-dependent cell in the x, z plane. This is done simply by
plotting d¥,/dg, as obtained from (2.20), in the , z plane by use of the relation

z = §(@)+Lr(x) &, (2.30)

for constant £. A typical mean velocity distribution is given in figure 5 for Pr = 0-025.
Although the velocity maximum does not change with #, the profile becomes fuller as
fluid moves into narrower regions. The maximum value of the ‘mean’ velocity is
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F1ourE 6. Maximum value of ‘ mean’ velocity at O(6?%) for case (ii) as a
function of Rayleigh (Ra) and Prandtl (Pr) numbers.

shown in figure 6 as a function of Ra and Pr. The location of the maximum occurs
closer to the wall as Pr increases. Note that typical values of the maximum streaming
velocity are much larger in case (ii) than in case (i) for large Pr [cf. remarks after
(2.20)].

3. The critical regime
We now consider the case when k ~ k, = 3:117 and Ra ~ Ra, = 1707-8. The scaling
introduced heuristically in § 1 suggests the expansions

O(z,2) = Og(2) +030y(%, 2) + 0104(2, 2)

+00,(%,2)+..., (3.1a)
T(#,2) = 63 (&,2) + 03W4 (&, 2)
+ 0V (&, 2) + ..., (3.1b)
Ra = Ra,+6%Rag+ ..., (8.1¢)
and k=k+03ky+.... (3.1d)

Similar expansions have been developed by Tavantzis et al. (1978) in a more systematic
manuner, via the method of matched asymptotic expansions.

The expansion of the wavenumber (3.1d) allows us to investigate the effects of de-
tuning the forcing within an O(8?) range. Although some results will be given later
in this regard, the actual equations become very complicated for k % &, and will be
given only for k = £,.
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In (3.1a), ®,is the conduction state for plane boundaries, and ®; and ©; correspond
to solutions of the classical Rayleigh~Bénard stability problem, carried out to second
order in the amplitude (i.e. the homogeneous boundary-value problem of Malkus &
Veronis 1958). It seems unnecessary to present the details of that analysis; suffice
it to say that we represent the solutions (with an asterisk denoting a complex conjugate)
as

W3(#,2) = Dy(2) [43exp (i:E)+A;exp(—i:E)], (3.2a)
04(Z, 2) = 10y(z) [Aexp (iZ) —A; exp (—1%)], (3.2b)
Y'3(Z,2) = —1D4(2) [(Ai)zexp(%i:)—(A;)zexp(—%i)], (8.2¢)

and

@3(2?,2) = @&(z lA§|2
+03(2) [(A3)* exp (2% )+(A*) exp (— 2%)]. (3.2d)

The equations for @, and ¥, are then

022 32?2 - oz &c oz o 0% 0z 0% oz
and
0 ‘I" Y o, o0
a2k, 2ai2+kg ke Ba 5
00 k, [e¥ oy oy v, 0 (¥ oy
— &, Ray 24 3 0 ( Wy | 2 ﬂ _jj( g2 ﬂ
ﬁ +PT[ 0z OF \ 022 +he oz + 0z 0T\ 022 MG oz
2 2 2 2
~£L€%Hf%%£ﬂfﬂkﬁ%”(mm
0% 0z \ 0z2 ox2 oF 0z \ 022 oF2

The non-uniform boundary conditions appear only at this stage of the analysis and
are the same as (2.7a~c) and (2.10a-b), namely,

0,(%,0) = LsinZ, 0,(&1)= Usin(Z+p), (3.4a)

My _ My

z=0,1, (3.4b)
o% 0z

To this order, therefore, the resonant solution does not depend on whether the non-
uniformity arises from spatial temperature or gap variations.
We again redefine 0, so as to obtain homogeneous boundary conditions; let

0,(%,2) = 0,(%,2)+ (1 —2) LsinZ+2U sin (£ + £). (8.5)

If we let
0,(%, 2) = 10,1(z) exp (iZ) +10,5(2) exp (3iZ) + complex conjugates, (3.6a)
W, (%, 2) = @,,(2) exp (¢E) + O,5(2) exp (3iE) + complex conjugates, (3.6b)

then the equations for 8,, and ®,, are

4%,
dz?

— k20, — k, @y = — 3h2(1 —2) L—3h22Uexp (i8) + k.| 44|24, F(2), (3.7a)
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and
dz ,\?
(E;é—kc) @y, + k. Ra, by,
= —k,Rag Ay 0y + 3k, Ra [L(1 —2)+ Uzexp (if)]+ k. Pr—2| 44|24, G(2),
where
ad do do a6 do
F) =230, +—10;+ 03—ty 20,40, —H, (3.7¢)
and
d®, d>dy ) d®; (d*D
— 4k, )% 20 )
) = “dz (d22 § (dz2 ke By
fialo) do fa00) dd,
@ §_ a2 %) 2c1>( L ) 3.7d
* (d 3 a i\ kg) G719
Consider the homogeneous adjoint system given by
a8
T —120- IcRa(I)_.O (3.8a)
d2 AL
(Ez‘z“kC) ®+k =0, (3.8b)
where .
~ do
6=cb=7i;=o at z=0,1, (3.8¢)

If we multiply (3.7a) by 9(:0,}), (3.7b) by @(:Q%/Rac), integrate both equations
from 2z = 0 to 1 and then subtract one resulting equation from the other, we obtain
the following solvability condition:

1 ) PN 1 A
kC|Aé|2A%U Fﬁdz—Pr—lf G(I)dz}+cha§A%f 0, Ddz
0 ¢ 0
1 1 A
= %kcL{kcfo (1—z)9dz+Racf0 (l—z)(l)dz}

1 1 .
+%koexp(iﬂ)‘kc f 20dz+ Ra, f zCDdz;. (3.9)
0 0

By making use of the symmetry of § and d, itis easy to see that the terms in curly
brackets on the right-hand side of (3.9) are equal. Hence, after evaluating the various
integrals, and including now terms representing the wavenumber variation, we can
express (3.9) as

Ay [h|4,4|*— (Bag/Ra) + Lky/k.)*] = [L+ Uexp (if)] 1, (3.10)

where I, = 1-435 and I, = 0-144. Only 7, is dependent upon Pr and ranges between a
value of 13:05 for Pr = oo to 222-7 for Pr = 0-027. Various checks were made on the
accuracy of the numerical computations. For instance, the linear terms on the left-
hand side describe the shape of the known neutral curve near Ra = Ra,, k = k,. Also,
for ky = L = U = 0, the remaining terms can be used to compute a Nusselt number,
which was compared with the results given by Clever & Busse (1974). Finally, all the
integrals were evaluated numerically for stress-free boundary conditions, for which
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F1GURE 7. The dependence of the function A upon £ and (U/L).

case an analytical solution is possible (I, = $7%, I, = 4 and I; = &7 for that case).
Satisfactory agreement was found in all the comparisons.
We note for L + 0 that we can also write the complex term on the right-hand side

of (3.10) as
L+Uexp(if) = L{1 +2(U/L)cos B+ (U/L)*}}exp (iA) (8.11a)

— LAexp(id),
where
Using

For f = 180°and L = U, A = 0, and the forcing drops out of the solvability condition
(3.10). Hence, for equal amplitude but antisymmetric forcing, the forcing has no
effect on the convection to the order considered. In order to investigate the general

case, we let
Ay = + |4, exp (id), (3.12)

and obtain the following relation for | 4,]:
+ |4y |[L]44[2— (Ray/Ra,)+ Iyky k)] = LAL, (3.13)
The + sign is included because, for LA = 0, we have
|44|%-5 = I7'{(Rag/Ra,) — Lk /%), (3.14)
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Froure 8. The amplitude of convection 44 vs. (Ra— Ra,)/ 8% Ra,
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Ficure 9. The amplitude of convection 4 3 8. (Ra— Ra,)/ 8§Rac
for Pr = 0:027 (k =k, = 3-117).

and the minus sign simply represents a phase shift of 180° of the convection roll relative
to the case of the plus sign. For LA + 0, it is clear that, with the plus sign, the amplitude
| 44| is always greater for supercritical Ra, than for the case with LA = 0, whereas
the reverse is true for the minus sign. Say that we consider the case when £ = 0 or
U = 0. This result then says that the solution which is in phase with the forcing has a
greater amplitude than a solution which is 180° out of phase, which seems quite
reasonable. Note that the out-of-phase solution can exist only if Ra > Ra for LA + 0.

We choose to plot |4;] as a function of LA, even though this parameter depends
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various Pr (dashed curve is for stress-free boundary case, all Pr).

(Nu—1)/8!

—1-0 0 20 40 60
Rua— Rua,
3% R,
F1aUurg 11. The Nusselt number near Ra, for resonant forcing for AL = 2 and
various Pr (dashed curve is for stress-free boundary case, all Pr).




450 R. E. Kelly and D. Pal

upon L, U, and g, because it is an effective amplitude of forcing. The parameter A
is shown as a function of U/L and £ in figure 7. Although A is a minimum for all
valuesof U/L > Oat # = 180°, it is actually zero only for U/L = 1. Tt is a maximum
always for # = 0if U # 0; for U = 0, the effect of phase angle drops out, as it should.

Plots of |4;| as a function of the Rayleigh number and LA are shown in figure 8
for Pr = oo and in figure 9 for Pr = 0-027. These plots show clearly the features of the
solutions discussed in the penultimate paragraph but also reveal that three solutions
exist in general, a point to which we shall return shortly.

From an experimental viewpoint, the behaviour of the Nusselt number near
Ra = Ra, with 8 % 0 is of special interest because a sudden change in the slope of
the Nusselt number versus Rayleigh number curve is usually used as the criterion
for the critical Rayleigh number. To the order considered, the mean Nusselt number
at the lower boundary (for either case) is

m=1_aéd_%|A§12 . (3.15)

dz z=0

The quantity (Nu—1)/8% is plotted in figure 10 for AL = 1 (e.g. L =1, U = 0) and
in figure 11 for AL =2 (e.g. L = U =1, f# = 0°) for various values of Pr, using the
solution with the greatest amplitude. For AL = 2, Pr = co, and § = 0-01, the Nusselt
number at Ra, = 1707-8 is 1-044 versus unity for § = 0. Remembering that § is a
measure of the non-uniformity relative to AT (which is usually of the order of a few
degrees), we can see how non-uniformities can make a precise determination of Ra,
rather difficult in an experiment, owing to the amplification of small imperfections as
Ra— Ra,. The actual non-uniformity could be more general than sinusoidal, and the
present results would stiil apply, as long as the Fourier representation of the non-
uniformity contains a component with &k = k,, as shown by Tavantzis et al. (1978).
The amplitude of the Fourier component associated with %, would then correspond
to é. In a carefully controlled experiment Ahlers (1975) has found a smooth transition
of the type shown in figures 10 and 11.

The composite result for Nu obtained from the expansions for both the quasi-
convection and critical regimes with § = 0-1 is shown in figure 12. Again, the solution
with the greatest amplitude is used. The curves for each regime merge smoothly.
This figure suggests that one way of defining criticality in an experiment is to note
the point at which the curvature of the Nusselt number curve changes sign. This
would seem somewhat preferable to a criterion that the Nusselt number be above
unity by some arbitrary amount.

We now return to the matter of the multiple solutions which can exist for sufficiently
large Ea, as evidenced by figures 8 and 9. These figures can be viewed as giving a quasi-
steady estimate of the amplitude of convection for given LA as Ra increases slowly
from Ra < Ra, to Ra > Ra,. From this point of view, only the solution with the
largest amplitude {corresponding to the positive sign in (3.13)] would seem at first
to be the physically relevant solution, in the sense that only it can evolve from a
subcritical state. We explored the matter by introducing a slow O(6%) time scale into
the amplitude equation and then solving for the time-dependent amplitude on the
basis of an initial-value problem, as Ea increases with time. Even with initial con-
ditions corresponding to negative 4y, the solution always evolved towards the upper
curve in figures 8 and 9 as Ra approached Ra, from below. Nonetheless, the other
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Ficure 12. Composite Nusselt number curve for § = 0-1, AL = 1, k =k, = 3-117.

solutions could occur if the evolving solution becomes unstable for Ra greater than
Ra, by some amount. For this reason, it is worth considering the relative stability
of the solutions.

In order to investigate the matter, we introduce the slow time scale 7 = 8% and
consider the equation [cf. (3.10)]

A4 _ cA_ 1 414p+ Lo, (3.16)

where o = (Ray/Ra,) and L = LAI, are both understood to be real and positive and
where the subscript § has been dropped. If we let 4 = Aexp (i), the equilibrium
states are given by

—(o/L)4,~(L/L) = o. (3.17)
For L = 0, we have the two non-trivial solutions ﬁe,o = +(o/1)* For L + 0, know-
ledge of the characteristics of roots to a cubic equation allows us to say that three
real, distinct roots exist if R

(o/3L1)% > (L/21,)?, (3.18)
which we assume to be true. By expanding in terms of L for L sufficiently small, we
find that two of the solutions to (3.17) are

~ o\? oLI}
hom o (0) 142220, 5190
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Ficure 13. Schematic diagram of the three supercritical equilibrium solutions.

N o\t o1}
Ao (0) -2, 0

Note that |4, ,| > |4, | and |4, ,| < IAE o|- The third solution corresponds to the
conduction solution when L = 0 and is
4,,~-1/o. (3.19¢)
The three possible solutions are sketched qualitatively in figure 13, which can be
compared with figure 8.
In order to consider the stability of the equilibrium states, we let

Ayr) = 4, ;exp (6A) +ay(7), (3.20)
where j = 1, 2, or 3 and g, is a small perturbation to the equilibrium state, which we
take in the form a; = @;exp (i¢ + ar), where & = a, +1a;. By substituting (3.20) into
(3.16), linearizing the resulting equation, and collecting terms proportional to cos«, 7,
we can obtain

and

a, =0— I H2{1+2cos?(A—¢)}, (3.21a)

a; =1I,(4 e.j) s1n2 (¢—A), (3.210)
whereas collecting terms proportional to sina, T yields

a, =o0—1(4, ;)*{1+2sin2(A-¢)}, (3.22a)

a; = II(AM) s1n2 (A=¢). (3.220)
Because (Ae )2 > (4, o)? = (0/1,), we obtain the result that a, < 0 for the disturbance

«, for all values of A and ¢ Hence the solution corresponding to Ae 1» 1.e. the solution
with the greatest amplitude, is stable, at least to a disturbance with the same wave-
amber. In order to determine its overall stability, we must, of course, consider a
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more general three-dimensional disturbance. Such an investigation would be part of
determining the pattern of convection for Ra > Ra,, and we hope to pursue this
analysis in the future.

With regard to the solutions corresponding to j = 2 and 3, consider first the point
at which they coalesce, i.e. when (o/31)* = (f/ 21,)2. At this point, one can easily
show that

~

(4,,2)? = (4,3 = (L/21)} = 0/31,. (3.23)

From (3.21a), we have then
a, = ?0{1 —cos?(A—¢)}, (3.24)

which says that the state is unstable as long as the disturbance is not in phase or 180°
out of phase with the equilibrium state. An analogous result comes from consideration
of (3.22a). For a larger value of o, such that (3.18) is satisfied and 4, ,is distinct from

4, 3, we have - R
(4,92 > o/3L, (4,3)? < o/3L. (3.25)

We can conclude immediately that the solution corresponding to ffe,a is unstable for
all values of ¢ because the growth rate of the disturbance a4 is, according to (3.21a),

o, > ?35{1 —cos?(A—¢)} > 0. (3.26)

With regard to Ee,a, the maximum value of the growth rate corresponding to a, is

(@ )max = 0 — I(d, )" (3.27)
Because (A )% < (A o-/] ) (% )max > 0, and so the state Ae 2 18 also unstable.
In contrast to the state Ae,a, however, the phase of the disturbance is now of

importance.

We can therefore conclude that the solution corresponding to ffe’l is the only stable
equilibrium solution. Daniels (1978) has made a similar conclusion for the case with
non-adiabatic end-wall boundary conditions.

The work of D. Pal has been supported in part by the U.C.L.A. Academic Senate
and by an N.S.F. Energy Related Graduate Traineeship. R.E.K. is grateful to A.
Craik for a helpful comment.

Appendix

As Ra—01in (2.5) and (2.6), the equations become uncoupled. Because ¥ = 0 is
then the solution of (2.6), only the conduction solution can be obtained from (2.5)
{which, of course, is zero for case (i)}. This uncoupling occurs because we scaled both
the mean field and the forced field on the basis of AT'. If the temperature modulation
is held fixed as AT -0, then we must scale differently so that the equations remain
coupled and retain the physics. The necessary transformation is

® = (T,/AT) 0, (A1)

where T, is some reference boundary temperature (say, 7;if 7, = 0). When substituted
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F1eurE 14. Mean Nusselt number for AT = 0 as a function of Rayleigh number Ra, based on

reference boundary temperature and phase angle § for k = 3-117; solid lines are for T=T,=T,
whereas dashed line is for T,= T,, T, = 0 (or vice versa).

into (2.5), (2.6), the linear term representing vertical advection of the mean tem-
perature field vanishes as AT - 0, and the Rayleigh number becomes one (Ra,) based
on 7, (to interpret this Rayleigh number physically, we should write it as (Ra,)/d,
where Ra; is a Rayleigh number based on the characteristic horizontal temperature
variation 67} and where it is understood that this ratio remains finite as § > 0).

The solution for ® and ¥ can then be obtained by expanding in the manner of
(2.9a, b), after setting AT = 0. The analysis is then so similar to that given in § 2 that
the details are omitted. For case (i), the mean Nusselt number is given in figure 14
as a function of Ra,(=Ra;/8) for various phase angles. The O(6%) mean flow has a
profile similar to that given in figure 3. The maximum mean velocity for case (i) is
plotted in figure 15 as a function of Ra, for £ = 3w, which again is the phase angle for

the strongest streaming. Other results for the case T = 0 have been given by Salstein
(1974).
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